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Abstract
The article describes the estimation of covariance parameters in Least Squares Collocation (LSC)
by Leave-One-Out (LOO) validation, which is often considered as a kind of cross validation (CV). Two
examples of GNSS/leveling (GNSS/lev) geoid data, characterized by different area extent and
resolution are applied in the numerical test. A special attention is focused on the noise, which is not
correlated in this case. The noise variance is set to be homogeneous for all points. Two parameters in
three covariance models are analyzed via LOO, together with a priori noise standard deviation, which
is a third parameter.
The LOO validation finds individual parameters for different applied functions i.e. different
correlation lengths and a priori noise standard deviations. Diverse standard deviations of a priori
noise found for individual datasets illustrate a relevance of applying LOO in LSC. Two examples of
data representing different spatial resolutions require individual noise covariance matrices to obtain
optimal LSC results in terms of RMS in LOO validation. The computation of appropriate a priori
noise variance is however difficult via typical covariance function fitting, especially in the case of
sparse GNSS/leveling geoid data. Therefore LOO validation may be helpful in describing how the
a priori noise parameter may affect LSC result and a posteriori error.
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Introduction
GNSS/leveling (GNSS/lev) data provide an independent source of geoid
height information, aside from the gravity data. Both sources may be used to
calculate the same functional of disturbing potential with comparable accuracy. However, the spatial resolution of GNSS/lev is usually worse than gravity
data sampling. Therefore a special attention is focused in the article on the
relation of the horizontal data distribution with the modeling accuracy.
GNSS/lev data constitute irreplaceable source of geoid information, used most
frequently for an assessment of local gravimetric models (DARBEHESHTI,
FEATHERSTONE 2010, ILIFFE et al. 2003, SMITH, MILBERT 1999), global
geopotential models (ŁYSZKOWICZ 2009) or also models based on satellite
gradiometry (GODAH, KRYŃSKI 2011). GNSS/lev is also frequently used in the
combination with gravity or other data in local geoid or quasigeoid modeling
(OSADA et al. 2005, TROJANOWICZ 2012). GNSS/lev data provide the information on the local relation between leveling heights and geometric ellipsoidal
heights, which is especially useful before the unification of height systems at
the global scale. The combination of GNSS with the locally matched geoid is
still a common practice in height determination with GNSS (DAWIDOWICZ
2012). The combination of GNSS and leveling heights may be sometimes used
alone, as the only source of geoid information, which is compatible with the
local height system. This is also applicable in surveying, for dense data and
small areas.
Many authors use Least Squares Collocation (LSC) for modeling of the
GNSS/lev data or residuals of GNSS/lev and other data (DARBEHESHTI,
FEATHERSTONE 2009, DENKER 1998, SMITH, MILBERT 1999). Some authors
analyze the efficiency of other methods for GNSS/lev geoid modeling, but use
LSC for the validation purposes (KAVZOGLU, SAKA 2005). LSC is also frequently applied in the investigations closely related to geoid or heights in
general, i.e.: sea surface heights (SSH) derived from the satellite altimetry
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(ANDERSEN, KNUDSEN 1998), vertical crustal movements (EL-FIKY et al. 1997,
KOWALCZYK et al. 2010), gravity anomalies (CATALAO, SEVILLA 2009) or deflections of the vertical (ŁYSZKOWICZ 2010a, ŁYSZKOWICZ 2010b). The spectrum of
LSC applications is wide, which may be caused by the fact that the covariance
in LSC may be modeled in detail and a posteriori error estimates may be
calculated. A very frequent method of the covariance estimation is the selection
of the analytical model based on the empirical covariance function (ECF)
values (HOFMANN-WELLENHOF, MORITZ 2005, MORITZ 1980). There are many
practical examples of different numerical techniques of fitting the analytical
model into empirical covariance values (ARABELOS, TSCHERNING 2003, DARBEHESHTI, FEATHERSTONE 2009, SMITH, MILBERT 1999). The planar covariance
models are often investigated as well, as the spherical models. The standard
deviation of a priori noise (δ n) is hard to determine using ECF, however YOU,
HWANG (2006) have noted its significant role among the covariance parameters. They have also found that different parameters may have an influence on the prediction error in terms of cross-validation (CV) error. The
problem of the parameter estimation occurs in the context of combined geoid
modeling (FOTOPOULOS et al. 2003) and in the regularization of gravity field
from satellite gradiometry (KUSCHE, KLEES 2002). DARBEHESHTI and FEATHERSTONE (2009) apply the non-stationarity for better representation of the local
covariance. Among different considerations, the most closely related research
has been found in JEKELI, GARCIA (2002), in MARCHENKO et al. (2003) and in
MORITZ (1980). They investigate similar problem of optimal covariance matrix
by applying Tikhonov regularization parameter. In this paper the problem is
treated numerically using a kind of CV. LOO provides some additional
observations, which introduces a look from some other side than it is presented
in the mentioned works.
The most probable covariance parameters are investigated in this work and
a special emphasis is placed on spatially sparse data distribution, which is
common in e.g. vertical movements data (EL-FIKY et al. 1997) or deflections of
the vertical (ŁYSZKOWICZ 2010a, ŁYSZKOWICZ 2010b). Two datasets of GNSS/lev
are used in the numerical test: sparse regional data and significantly denser
local data. Three typical, planar covariance models are applied to compare
estimates of the same parameters applied in different functions. Two
covariance function parameters: correlated signal variance (C0) and correlation
length (CL) are analyzed in the work, together with δ n parameter. The method
used for the empirical assessment of the parameters is a frequently used form
of CV, named leave-one-out validation (LOO) (ARLOT, CELISSE 2010, KOHAVI
1995, KUSCHE, KLEES 2002).
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LOO validation applied in LSC
The scalar quantity distributed in 2D space may be represented by the
addition of deterministic part and residuals of the signal (MORITZ 1980, RAO,
TOUTENBURG 1995). In our case we have:
N = X β + Nr

(1)

where N is the vector of observed geoid heights, β is the vector of unknown
trend parameters and X is the design matrix of the trend. Different forms of
the deterministic part of the signal are often used in practice
(GREBENITCHARSKY et al. 2005, OSADA et al. 2005). Deterministic part of the
signal is commonly called trend in many papers. This part of the signal
approximates large-scale features of the stochastic field, commonly known as
long-wavelength part of the signal in the spectral analysis. The trend removal
extracts local properties of the data, occuring at higher spatial resolutions. The
matrix X used for detrending of the data in the case of current test reads:

X=

1 ϕ1 λ1 ϕ12 λ12 ϕ1λ1
… … … … … …
1 ϕn λn ϕn2 λn2 ϕnλn

(2)

where n is the number of the observations. Such parametric form of the trend
is based on the data distribution and is sufficient to obtain the residuals, which
have expected value close to zero and can be modeled efficiently by the
covariance function. The so-called projection matrix P is used for data detrending (RAO, TOUTENBURG 1995):
P = In – X(XT X)–1 XT

(3)

Some authors have reported that a linear dependency in the matrix P exists
for the number of rows equal to the rank of X (KITANIDIS 1983, RAO,
TOUTENBURG 1995). If we denote the rank of the matrix X by p, we may remove
p rows from P matrix. Since p number has no significance in relation to the
whole set here, we compute Λ matrix by removing last p rows from P. The
residuals can be computed, as follows:
Nr = ΛN

(4)

where Λ = P(n-p)×n. The LSC equation for detrended GNSS/lev data reads:
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where Ñr is the vector of predicted, residual values. C is the covariance matrix
of the data signal, CP is the covariance matrix between predicted points and the
data and D represents the noise covariance matrix. In this case, when we
investigate average estimates of a priori noise, the noise is assumed to be
homogeneous and uncorrelated, i.e.:
D = δ n2 · I n

(6)

where δ n represents a priori noise standard deviation, homogeneous for all
points in the example test. The studies can be extended to individual data noise
values, however this implies weighting and therefore more detail information
on the data noise is needed.
Three planar covariance models are applied in the numerical experiment.
The choice of the models was arbitrary in some sense, but on the other hand,
these models appear in the literature in the same context or even with the
same or similar data related to the height system problems. The models are:
Gaussian model (DARBEHESHTI, FEATHERSTONE 2009, YOU, HWANG 2006),
Gauss-Markov second order model (ANDERSEN, KNUDSEN 1998, ILIFFE et al.
2003, STRYKOWSKI, FORSBERG 1998) and Gauss-Markov third order model
(GREBENITCHARSKY et al. 2005, KAVZOGLU, SAKA 2005). The functional
covariance models are described by Eq. (7) – Gaussian (CG), Eq. (8) – Gauss-Markov second order (CGM2) and Eq. (9) – Gauss-Markov third order model
(CGM3).

CG(C0, CL, s) = C0 · exp

(

(

(7)

s
–s
· exp
CL
CL

(8)

s
s2
–s
+
· exp
CL
CL 3 · CL2

(9)

CGM2(C0, CL, s) = C0 1 +

CGM3(C0, CL, s) = C0 1 +

( )
) ( )
) ( )
– s2
CL2

Although spherical distance is a typical variable in the spherical covariance
models e.g. Tscherning-Rapp model (ARABELOS, TSCHERNING 2003, HOFMANN-WELLENHOF, MORITZ 2005), it is adopted here to work as a variable in the
planar models (Eqs 7–9). This choice is based on the assumption of no
advantage coming from cartographic projection, since the area of the regional
data is large and the distortion can be significant. The variable distance s is
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therefore calculated using the spherical distance formula (Eq. 12), also in the
ECF and s = ψ in the article.
The collocation formula (Eq. 5) is applied in CV test by LOO (Eq. 10). This
method is quite frequently applied in the literature (DARBEHESHTI, FEATHERSTONE 2009, KUSCHE, KLEES 2002), but other, often similar kind of CV may be
also efficient. The formula of root mean square (RMS) in LOO (RMSL) may be
written as:

RMSL((C0, CL, δ n)⎟ (Ñrn×1, Nn×1)) =
r

√

n

Σ (Ñ
i=1

r
i

– Nri)2

n

⎟ Nri ∉ Nr(n-1)×1

(10)

The vector Ñr estimated using Eq. (5) is compared to Nr in terms of RMS
and this is repeated for every set of covariance parameters. The vector of the
residuals Nr is replaced by the vector Nr(n-1)×1 in the Eq.(5), i.e. the analyzed
point i is omitted in the vector as well as in the matrices CP, C and D. RMSL is
a measure of prediction precision with variable parameters. Additionally the
estimates of a posteriori error are provided in the numerical part of the article.
Assuming now that CP is the vector of covariances limited to one point only,
the error of the prediction is (HOFMANN-WELLENHOF, MORITZ 2005):
2

T

mP = C0 – C P · (C + D)–1 · CP

(11)

The estimation of covariance parameters by LOO validation is preceded
and supported by ECF estimation. ECF provides an initial assessment of the
residual data and an approximation of C0 and CL. These initial values support
a search of the parameters in LOO estimation and may be posteriorly
compared with LOO results. ECF may be calculated by well-known formula
(HOFMANN-WELLENHOF, MORITZ 2005):

∀(i,j) ⎟ cosψ = cosθ i cosθ j + sinθi sinθ j cos(λ i – λ j)
(12)

k

EC(ψ ⎟ Nr) =

Σ
N
i, j

r
i

r
j

N

k

The spherical distance is used as a variable and θ i = π /2 – ϕ i. The products
of residuals are grouped using rings of constant width, which is determined by
the sampling interval of the ECF. Average products form the ECF, which is
Technical Sciences

16(4)2013

Fig. 1. ECFs of residuals and analytical covariance models fitted graphically disregarding δ n: a – regional CG, b – regional CGM2, c – regional CGM3,
d – local CG, e – local CGM2, f – local CGM3
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shown in Figure 1. Analytical covariance models (Eqs 7–9) are approximately
fitted to ECF by graphical manipulation of C0 and CL, which are roughly
determined this way.

Data assessment and numerical experiment
The data are acquired from the National Geodetic Survey website.
GNSS/lev geoid heights are located in the area of the North America. Two
subsets are selected from the data and the first set is slightly reduced to obtain
homogeneous horizontal distribution (Fig. 2c). The first set of GNSS/lev geoid
heights (Fig. 2a) covers a large area in the western part of the continent and
therefore will be named regional dataset in further considerations. The second
dataset (Fig. 2b) represents much smaller area in Texas and consequently

Fig. 2. Selected GNSS/lev samples representing regional and local GNSS/leveling geoid data:
a – regional geoid (meters), b – local geoid (meters)
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Table 1
Basic statistics of regional and local data samples (meters)
Regional
(287 points)

Reg. residual

Local (139 points)

Loc. residual

Min.

-36.01

-3.71

-28.32

-0.66

Max.

-8.14

5.04

-26.95

0.27

Mean

-18.60

0.00

-27.41

0.00

Median

18.02

-0.04

-27.35

0.01

RMS

19.26

1.74

27.41

0.14

Std dev.

5.01

1.74

0.26

0.14

is named local dataset. The regional data are reduced to have very sparse
distribution with average data spacing about 1o in latitude and similarly in
longitude. The local data are denser, i.e. around 0.05o in latitude and longitude.
Moreover, the local data are slightly more irregularly spaced than the regional
data. There are no evident outlying observations in the datasets, therefore
larger observed errors are assumed as random ones.
Numerical calculations were performed using ellipsoidal coordinates, starting from the data detrending (Eq. 2–4). Both datasets were reduced by the
polynomial trend of the second order (Eq. 2). ECF is computed for both
residual datasets, according to the Eq. (12). The sampling interval of ECF
represented by the interval of ψ cannot be significantly smaller than average
minimum distance between the data points. Otherwise, we would search for
the covariances at the distances that occur only occasionally between data
points and the estimation accuracy will be poor for ECF at small distances.
Three functional models are graphically compared to ECF values (Eq. 12) and
different CL parameter is found for each covariance model (Fig. 1). At this
moment C0 is assumed to be equal to the variance of the residuals and constant
for all covariance models. ECF estimation is an additional, separate tool for the
covariance parameters estimation and it is used for the further comparisons
with LOO estimation. It should be noted, that δ n is not estimated by the fitting
of analytical model. The values of the empirical covariance may strongly
depend on the sampling interval. Therefore one should be careful in assessing
δ n by fitting the analytical model into the empirical covariance samples, which
have arbitrarily chosen interval. Some authors find a priori noise empirically,
e.g. iteratively searching for the consistency between a priori noise variance
and RMS in CV (SMITH, MILBERT 1999). Some others use a priori noise based
on the observational accuracy (DENKER 1998). The proposed method is based
on the minimum RMSL in the space of three covariance parameters.
Besides the ECF computation for initial assessment of the parameters, an
additional data are prepared for the comparisons and discussion. Geoid height
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residuals are computed using the harmonic expansion of EGM2008 geopotential model. The two applied terrestrial datasets represent significantly different area sizes and spatial resolutions. The spatial resolution of the local data is
around 5–10 km, which may be approximately comparable with the resolution
of EGM2008 geopotential model with its maximum harmonic expansion degree
(PAVLIS et al. 2012). The spatial resolution of regional data is around 100 km,
which corresponds approximately to 180 degree and order of the harmonic
expansion. Therefore the residual geoid signal is calculated using EGM2008
coefficients for the area of regional data (Fig. 3). These residuals represent the
spectrum of the geoid between 180 and 2190 degree and order and show
significant variance in the area of regional data. The measurement accuracy of
GNSS/lev data is usually at the centimeter level and therefore is insignificant
in relation to the signal in Figure 3, which can be lost in LSC due to limited
resolution. The corresponding residuals for the local data are not computed,

Fig. 3. Residual geoid from EGM2008 model equal N2190 – N180 (area of regional dataset)

because there are no degrees in EGM2008 supplying more than local data
resolution. On the other hand, geoid height residuals at the frequency higher
than 0.05o may have the variance comparable to or less than GNSS/lev
measurement error (RAPP 1973).
Two sets of residual data are interpolated with use of three above mentioned covariance models. LOO is performed as an iterative LSC process, which
Technical Sciences
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Fig. 4. Surfaces of equal RMSL in space of three covariance parameters: a – regional CG, RMSL = 0.784 m, b – regional CGM2, RMSL = 0.754 m,
c – regional CGM3, RMSL = 0.761 m, d – local CG, RMSL = 0.089 m, e – local CGM2, RMSL = 0.086 m, f – local CGM3, RMSL = 0.087 m
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uses variable covariance parameters. The estimate of geoid height for each
point excludes this point from the dataset (Eq. 10). The LSC prediction is made
with 3o distance limit for each regional Ñri. Respective distance limit for the
local data is 0.2o. These distances are assessed from Figure 1, by finding the
maximum distances of the correlated residuals. LOO process is applied and the
predictions are compared to the measured data by RMSL calculation. The
analysis of three covariance parameters is performed in their 3D space (Fig. 4).
The minimum RMSL is a measure of optimum prediction possible for the
chosen data and covariance model. This minimum RMSL indicates covariance
parameters enabling the prediction that fits best the data in the least squares
sense. Figure 4 describes regions in 3D space of three parameters, which have
RMSL smaller than individually specified values. These values are computed
by adding 0.001 m to the global RMSL minimum in every case. One may note
that these regions have elongated shapes. This means that various parameter
sets may provide similar LSC results if properly combined. CL parameter has
a tendency to be more constant than δ n, when C0 is increasing. More
specifically, δ n rises with the increase of C0, which may indicate a correlation
between the parameters.
Figure 5 presents the cross-sections of subfigures from Figure 4. The
sections are realized for C0 parameter equal 3 m2 for regional data and 0.02 m2
for local geoid heights. These values are variances of the residuals, which are
often used to approximate C0. The sections show the problem in more detail
and indicate the regions of the parameters, where the prediction has decreased
accuracy. The choice of too small CL may strongly affect accuracy of the
prediction as well as small δ n.
CL parameter is different in particular covariance models, which is a confirmation of the previous observations (Fig. 1). CL values in Figure 5 are
usually smaller than their respective estimates in Figure 1. This is especially
noticeable in the case of regional data (Figs. 5 a–c). The parameter δ n that
represents a priori noise is similar for all covariance models used and large in
the case of regional data (Fig. 5 a–c). The predictions, where δ n is closer to
GNSS/lev data accuracy are poor, especially in case of CG (Fig. 5a) and CGM3
(Fig. 5c).
Figure 3 describes a part of the geoid signal that represents some details of
the geoid height between 180 and 2160 degree and order of the harmonic
expansion. These spectra may be present in GNSS/lev data due to the
centimeter accuracy of GPS and leveling, however, the spatial resolution of the
regional data is not sufficient to interpolate them. The information about the
correlation of this higher frequency signal may be impossible to gain from data
with 100 km spacing. This signal may be treated as a noise, since the sampling
is here insufficient to find it as a correlated signal.
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Fig. 5. RMSL for C0 parameter equal to variance of residuals (i.e. 3 m2 and 0.02 m2): a – regional, CG, C0 = 3 m2, b – regional, CGM2, C0 = 3 m2,
c – regional, CGM3, C0 = 3 m2, d – local, CG, C0 = 0.02 m2, e – local, CGM2, C0 = 0.02 m2, f = local, CGM3, C0 = 0.02 m2

Estimation of Covariance Parameters...

Technical Sciences

303

16(4)2013

304

Wojciech Jarmołowski

Fig. 6. A posteriori standard deviations for optimal parameters found by LOO and when only noise
variances are decreased (CGM3 model): a – a posteriori st. dev. for regional geoid, b – a posteriori st.
dev. for regional geoid, c – a posteriori st. dev. for local geoid, d – a posteriori st. dev. for local geoid

Additional problem that may be considered here is the a posteriori error,
which is usually used in the assessment of LSC accuracy. It is strongly related
with a priori noise, however remaining covariance parameters may have also
significant influence on LSC error. SANSÓ et al. (1999) and DARBEHESHTI,
FEATHERSTONE (2009) report that a posteriori error estimate may be even more
affected by the changes of parameters than the LSC result. Figure 6 presents
standard deviations of LSC prediction computed from Eq. 11 with optimal
parameters (Fig. 5) and with the same C0 and CL, but smaller δ n values used.
The underestimated a posteriori standard deviations may be found in Figure
6b and 6d.
Technical Sciences

16(4)2013

Estimation of Covariance Parameters...

305

Conclusions
CV methods like e.g. LOO are useful tools for finding covariance parameters that enable optimal prediction with arbitrarily selected covariance
model. In some cases, wrong covariance parameters may give significantly
worse result and some ranges of the parameters are especially inappropriate.
A posteriori LSC error may even stronger depend on the parameters, especially
on δ n. The parameter δ n should represent the noise existing in the observations, therefore applying smaller parameter can provide too optimistic accuracy estimate. It is suspected from analyses that δ n depends not only on the
measurement error. Limited spatial resolution of the data may exclude higher
frequency signal from the correlated data part. Consequently, this part of the
signal, which exists in the data due to the high accuracy of the measurement,
can be assessed as uncorrelated. Such occurrence is very hard to detect when
the data spatial resolution corresponds in a measure to its accuracy. This is
quite frequent in practice, however, the case similar to regional data used in
this paper may also be found.
Observed LSC properties are essentially consistent with mentioned works,
where Tikhonov regularization is applied. In this work, the actual covariance
parameters have been estimated instead of the regularization parameter. The
paper reveals probable influence of data spatial resolution on the noise
covariance matrix. However, the data resolution may be not sole variable
influencing a priori noise. Some additional tests have to be performed to
explain this in detail.
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